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Suppose that C is a balanced simplicial complex. We show that its flag f -vector contains
an interesting multiplicative structure. We define ηS(C) := log2 fS(C), and characterize
the convex cone in which this flag η-vector may lie. Additionally, we specialize our results
to the case when C is a pure balanced simplicial complex, and when C is a graded poset.

1. Introduction

In an ordinary simplicial complex, one may count the number of faces of
each dimension, i.e. how many one-dimensional faces there are, how many
two-dimensional faces there are, and so on. In so doing, we associate a vector
of numbers to each simplicial complex, called the f -vector of the complex.
Now, not every vector of numbers is the f -vector of a simplicial complex. In
the 1960s, Kruskal and Katona independently discovered a purely numeric
characterization of which vectors are f -vectors of simplicial complexes [4,3].

A simplicial complex is said to be k-colorable if the graph formed by
its vertexes and edges is k-colorable in the usual sense for graphs; a choice
of a coloring yields a k-colored simplicial complex. We may again tally the
number of faces of each dimension, and ask the same question; namely, which
vectors of numbers are the f -vectors of a colored complex. This question
was answered in 1988, when Frankl, Füredi, and Kalai gave a numerical
characterization of the f -vector [2], whose content and techniques are quite
similar to that of Katona.
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If, instead of tallying faces by their dimension, we count them by which
colors they contain, then we obtain the flag f -vector of the colored complex.
We investigate the question of which collections of numbers can be the flag
f -vector of a balanced, or pure balanced simplicial complex. In particular,
we focus on the linear structure of the flag f -vector and a related invariant,
the flag η-vector.

While the flag f -vector of a balanced simplicial complex proves to have no
interesting linear structure, it has a rich multiplicative structure. To explore
this structure, we take logarithms, turning questions about multiplication
into questions about addition.

As main results, we prove the following two theorems:

Theorem 1. Let H be the closure of the convex hull of the set

{(log fS(Δ))S⊆[k]|Δ is a (k − 1)-dimensional balanced simplicial complex}

of all flag η-vectors. Then v∈H if and only if the following conditions hold:

1. vS ≥0 for all S⊆ [k],
2. v∅=0,
3. mS(M)vS ≤

∑
M∈M

vM for all S⊆ [k] and all multicovers M of S.

In particular, H is a convex cone with vertex at the origin.

Theorem 2. Suppose I⊆R2[k]

+ . The following are equivalent:

1. I is the closure of the convex hull of the set

{log f(Δ) : Δ is a (k−1)-dimensional pure balanced simplicial complex}.

2. I is the closure of the convex hull of the set

{log f(P ) : P is a rank k + 1 graded poset}.

3. I is the set of points v which satisfy:

(a) vS ≥0 for all S⊆ [k],
(b) v∅=0,
(c) vT ≤vS whenever T ⊆S, and
(d) m(M)v∪M≤∑

M∈M vM for every multicollection M of subsets of [k].

In particular, in each case, I is a cone with vertex at the origin.
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2. Definitions

Let k be an arbitrary integer, and S be an arbitrary set of integers. For the
purposes of this article, we define the following common sets and functions:

N := {0, 1, 2, 3, . . .};
Z+ := {1, 2, 3, . . .};
[k] := {1, 2, . . . , k};

ιS(k) :=

{
1 if k ∈ S,

0 if k �∈ S.

A coloring of an abstract simplicial complex Δ is a map cΔ which assigns
to each vertex of Δ a positive integer (a “color”) in such a way that no face
of Δ contains two vertexes with the same color. A coloring cΔ is said to be a
k-coloring of Δ if cΔ(v)∈ [k] for all vertexes v of Δ. We say that a simplicial
complex Δ is k-colorable if there exists a k-coloring of the complex, and
k-colored if Δ comes equipped with a given k-coloring. It is easy to see
that a (k−1)-dimensional complex must be colored with at least k colors.
A colored complex which meets this bound, i.e. a k-colored complex which
is (k−1)-dimensional is said to be balanced.

A special type of balanced complex will be of particular interest to us. We
define the complete complex K(a1, . . . ,ak) to be the complex which contains
a1 vertexes of color 1, a2 vertexes of color 2, etc., and which contains every
possible simplex with these vertexes (i.e. so that no simplex contains two
vertexes of the same color).

Given a k-colored complex Δ, and a set S⊆ [k], define fS(Δ) = |{σ ∈
Δ|cΔ(σ) = S}|. The function which given S yields fS(Δ) is known as the
flag f -vector of Δ.

3. The flag f-vector and linear inequalities

The flag f -vectors of balanced simplicial complexes have no interesting linear
structure:

Theorem 3.1. Suppose that for some set of coefficients {αS}∈R we have∑
S⊆[k]αSfS(Δ)≥0 for all balanced (k−1)-dimensional complexes Δ. Then

αS ≥0 for all S⊆ [k].

Proof. The mechanics of this proof are easier to see if we first broaden our
range to allow for arbitrary k-colored complexes, so we will first show that
result.
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Suppose to the contrary that there is a set of coefficients satisfying the
hypotheses that contains a negative element. Choose T ⊆ [k] of minimum
size such that αT < 0. Let Δi = K(i · ιT (1), i · ιT (2), . . . , i · ιT (k)). Then Δi is
a |T |-colored colored complex with fS(Δi) = i|S| if S ⊆ T and fS(Δi) = 0
otherwise.

Thus
∑

S⊆[k]αSfS(Δi) is a polynomial in i with leading term αT i|T |. As
αT <0, there exists i sufficiently large so that

∑
S⊆[k]αSfS(Δi)<0. So Δi is

a witness against our hypothesis that
∑

S⊆[k]αSfS(Δ)≥ 0 for all k-colored
complexes Δ.

To show the same result for balanced complexes, replace Δi with Σi =
Δi∪K(1,1, . . . ,1). Then we have fS(Σi)= 1+fS(Δi). We make two obser-
vations about this new complex. First Σi is a (k−1) dimensional balanced
complex for each i≥1. Second,

∑
S⊆[k]αSfS(Σi) remains a polynomial in i

with leading term αT i|T |, and so the same contradiction arises.

4. The flag η-vector and Multicover inequalities

On the other hand, the flag f -vector of every colored simplicial complex, and
therefore every balanced simplicial complexes, has an elegant multiplicative
structure. To describe that structure, we need to first define the concept of
a multicover.

4.1. Multicover inequalities

If S is a finite set, a multicover of S is a multicollection of subsets of S whose
union is S; by multicollection, we mean a collection (set) where repeats are
allowed. If M is a multicover of S, and i∈S, we define ni(M) to be the
number of elements of M which contain i; in making this count, any repeated
candidate is counted multiple times.

Let S⊆ [k], and M be a multicover of S. We define the minimal covering
number of M in S to be mS(M) = mini∈S ni(M). If M is some arbitrary
multicollection of subsets of [k], we define ∪M to be the set

⋃
M∈M M ; then

M is a multicover of ∪M. We will often make the abbreviation m(M) =
m∪M(M).

Theorem 4.1. Suppose that Δ is a k-colored simplicial complex, S ⊆ [k],
and M is a multicover of S. Then

f
mS(M)
S (Δ) ≤

∏
M∈M

fM (Δ).
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Proof. This is a trivial application of Shearer’s Entropy Lemma [1]. Let V
be the vertex set of Δ, and E be the collection of S-colored simplexes in Δ.
Then we may form the hypergraph H = (V,E). For each M ∈M, let AM

be the collection of vertexes of V whose color is contained in M . Then, for
each M ∈M, the collection EM of M -colored simplexes of Δ is exactly the
edge set of the induced hypergraph H[AM ]. By Shearer’s Lemma,

|E|mS (M) ≤
∏

M∈M

|EM |,

which is exactly the conclusion of the Theorem.

5. Balanced complexes and the flag η-vector

5.1. The flag η-vector

The strict positivity of the flag f -vector of a balanced complex allows us to
view the multicover inequalities on balanced complexes in a completely new
light. By taking logarithms, the multiplicative inequalities of Theorem 4.1
can be transformed into linear inequalities. This transformation allows us to
apply the wealth of tools available for linear problems to our advantage. To
this end, let ηS(Δ) :=log2 fS(Δ); we call the collection (ηS(Δ))S⊆[k] the flag
η-vector of Δ. Applying this definition to Theorem 4.1 yields:

Corollary 5.1. Suppose Δ is a (k−1)-dimensional balanced simplicial com-
plex, and S⊆ [k]. Then for each multicover M of S we have

mS(M)ηS(Δ) ≤
∑

M∈M

ηM (Δ).

We will call these inequalities the (linear) multicover inequalities.

5.2. The cone of flag η-vectors and polynomial growth

A natural question to ask is if the set described by Corollary 5.1 is the
smallest convex set containing all flag η-vectors. This is essentially true; we
need only add the inequalities which insist on the non-negativity of the flag
η-vector.

Theorem 5.2. Let H be the closure of the convex hull of the set

{(ηS(Δ))S⊆[k]|Δ is a (k − 1)-dimensional balanced simplicial complex}
of all flag η-vectors. Then v∈H if and only if the following conditions hold:
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1. vS ≥0 for all S⊆ [k],
2. v∅=0,
3. mS(M)vS ≤

∑
M∈M

vM for all S⊆ [k] and all multicovers M of S.

In particular, H is a convex cone, with its vertex at the origin.

The “only if” implication is just a restatement of 5.1. To prove the “if”
implication, we need to look a bit deeper into the structure of the set H.

Lemma 5.3. Suppose v ∈N2[k]
satisfies v∅ = 0 and mS(M)vS ≤∑

M∈M vM

for all S ⊆ [k] and M a multicover of S. Then there exists a sequence
Δ2,Δ3, . . . of (k−1)-dimensional balanced simplicial complexes and a posi-
tive integer ω such that

lim
i→∞

ηS(Δi)
log2 i

= ωvS

for all S⊆ [k].

Proof. Given k-colored complexes Δ and Γ , define their disjoint union Δ�Γ
in the usual way. Note that fS(Δ�Γ )=fS(Δ)+fS(Γ ) unless S =∅.

(Step 1) Let ω be an arbitrary positive integer for the time being. We
will determine it later. For each S⊆ [k], define

Xω
S :=

{
x ∈ Nk :

∑
j∈T

xj ≤ ωvT for all T ⊆ S

}
.

Clearly the zero vector is in Xω
S for each S, so these sets are non-empty. For

each i≥2, define

Δω
i :=

⊔
S⊆[k],x∈Xω

S

K
(
ιS(1)ix1 , ιS(2)ix2 , . . . , ιS(k)ixk

)
.

We claim this sequence of complexes has the desired properties.
Trivially we have that η∅(Δω

i )=0 for each i.
Let S �=∅ be chosen arbitrarily and fixed. We have that

fS

(
K

(
ιS(1)ix1 , . . . , ιS(k)ixk

))
=

∏
j∈S

ixj = i
P

j∈S xj .

Thus fS(Δω
i ) is a polynomial in i. For each R ⊆ [k] with S ⊆ R, and each

x ∈ Xω
R, there is a term of degree

∑
j∈S xj . The leading term of fS(Δω

i )
therefore has degree

max
x∈Xω

R
S⊆R⊆[k]

∑
j∈S

xj.
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Now, if R⊇S then Xω
R⊆Xω

S , so we may in fact choose x∈Xω
S . It follows

that fS(Δω
i ) is a polynomial in i of degree maxx∈Xω

S

∑
j∈S xj . So

lim
i→∞

ηS(Δω
i )

log2 i
= max

x∈Xω
S

∑
j∈S

xj.

Now by construction
∑

j∈S xj ≤ωvS for every x∈Xω
S . Thus

lim
i→∞

ηS(Δω
i )

log2 i
≤ ωvS for every ω ∈ Z+.

We need only find an ω for which the reverse inequality holds.
(Step 2) We wish to solve the integer program whose objective is to

maximize
∑

j∈S xj over x∈Xω
S . For the moment, let us consider a simpler

problem.
Let Q+ denote the non-negative rationals, and define

ZS :=
{

z ∈ Qk
+ :

∑
j∈T

zj ≤ vT for all T ⊆ S

}
.

We consider the program whose objective is to maximize
∑

j∈S zj over
all z∈ZS . This is a linear program over the rationals that serves as a sim-
plification of the previous integer program. Note that the omission of ω is
intentional; we will define ω in such a way that will allow us to take a solu-
tion to our rational program and derive a solution to our integer program.

By duality of linear programs (see e.g. [5]), we may instead consider the
linear program whose domain is

YS :=
{

y ∈ Q2|S|
+ :

∑
j∈T⊆S

yT ≥ 1 for each j ∈ S

}

where the objective is to minimize
∑

T⊆S yT vT , so long as they both have
feasible solutions. It is not difficult to check that z = (0, . . . ,0) and y =
(1, . . . ,1) are feasible solutions. By this duality, the minimum of

∑
T⊆S yTvT

over y∈YS is the same as the maximum of
∑

j∈S zj over z∈ZS .
Suppose that y∈YS. We give the following interpretation of y : Let m be

the least common denominator of the entries of y, so that m·y is an integral
vector. Let M be the multicollection containing each subset T ⊆ S with
multiplicity m ·yT . Then the statement that

∑
j∈T⊆S yT ≥1, or equivalently∑

j∈T⊆S m · yT ≥ m, says that there are at least m sets in M (counting
repetitions) which contain j. Thus mS(M)≥m.
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So by the multicover inequalities, we have

mvS ≤ mS(M)vS

≤
∑

M∈M

vM

=
∑
T⊆S

(m · yT )vT .

Thus
∑

T⊆S yT vT ≥vS . This holds for each y∈YSm. In particular,

min
y∈YS

∑
T⊆S

yT vT ≥ vS .

By duality, this means
max
z∈ZS

∑
j∈S

zj ≥ vS.

Choose a particular z ∈ ZS which maximizes
∑

j∈S zj. Let 
S be the
least common denominator of the entries of z, so that 
Sz is an integral
vector. Suppose that 
S divides ω. Then ωz is also integral. Since z∈ZS , we
have ωz∈Xω

S . Additionally, we have
∑

j∈S ωzj ≥ωvS .
(Step 3) Thus we have that

max
x∈Xω

S

∑
j∈S

xj ≥ ωvS

whenever ω is divisible by 
S . Recalling step 1, we then have

lim
i→∞

ηS(Δω
i )

log2 i
= ωvS

for every S for which 
S divides ω. We stated at the beginning that ω would
be determined later; we give its value now. If we let ω :=

∏
S⊆[k] 
S, and

Δi =Δω
i , we have the desired result.

Before showing how this lemma yields Theorem 5.2 we stop to mention a
note about this proof. While we do not make this result explicit, this proof
shows that the cone H is in fact polyhedral: it has a finite number of facets.
Roughly speaking, facets of this cone correspond to extreme points of YS;
there are clearly only a finite number of them for each S, and only a finite
number of subsets S⊆ [k].

The conclusion of the proof of Theorem 5.2 is a fairly standard analytical
argument.
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Proof of Theorem 5.2.
(⇒) This is just a restatement of Corollary 5.1.
(⇐) We first show that the projection H omitting the S =0 coordinate

lies on no hyperplane. Suppose to the contrary that
∑

∅�S⊆[k]αSηS(Δ)=c for
some c∈R, some (αS)S⊆[k], and all (k−1)-dimensional balanced complexes Δ.
Let Γi = K(2i,2i, . . . ,2i). Then ηS(Γi)= i|S|, except when S =∅, where we
have η∅(Γi)=0. Hence

∑
S⊆[k]αSηS(Γi) is a polynomial with 0 constant term.

In particular, the only way this could be equal to c for all i is if αS =0 for
all S �=∅. It is interesting to note that slightly more is proven here than
stated: in fact, if we were to restrict our attention to only pure complexes
or even order complexes of graded posets, the same statement would hold,
as Γi is the (pure) order complex of a graded poset for each i.

Let ε > 0 and v satisfying the noted inequalities be given. Choose a
rational point p∈H so that

(1) ‖p − v‖∞ <
ε

2
.

We may do this as H lies on no hyperplane, and so is the closure of its
(nonempty) interior. Let n be the least common denominator of p, so that
np is integral. Then there exists by Lemma 5.3 a sequence Δ2,Δ3, . . . of
balanced k-colored simplicial complexes and a ω∈N such that

lim
i→∞

ηS(Δi)
log2 i

= ωnpS

for each S⊆ [k]. Choose i sufficiently large to ensure that∥∥∥∥η(Δi)
log2 i

− ωnp

∥∥∥∥
∞

<
ε

2
.

Then we have that

(2)
∥∥∥∥
(

1
ωn log2 i

)
η(Δi) − p

∥∥∥∥
∞

<
ε

2ωn
≤ ε

2
.

Let λ := 1
ωn log2 i . Then we have by the triangle inequality, (1), and (2) that∥∥λη(Δi) − v

∥∥ < ε.

We make two notes here. First, λ∈ [0,1] by construction. Second, the (k−1)-
simplex, properly colored, has as its flag η-vector the zero vector. Thus
λη(Δi)=λη(Δi)+(1−λ)0 is the convex combination of the flag η-vectors of
two (k−1)-dimensional balanced simplicial complexes. And so v lies in the
closure of the convex hull of the set of all flag η-vectors of (k−1)-dimensional
balanced simplicial complexes. That is, v∈H.
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5.3. Multiplicative inequalities on balanced complexes

The characterization of the linear structure of flag η-vectors yields as an
obvious corollary the following:

Corollary 5.4. Any inequality of the form
∏

S⊆[k] fS(Δ)αS ≤c which holds

for all (k−1)-dimensional balanced simplicial complexes Δ follows as a con-
sequence of the multicover inequalities of Theorem 4.1 and the positivity of
the flag f -vector.

It is worth noting that for any such inequality, we may always substitute
c = 1 without changing the validity of the inequality; this is essentially
because H is a cone, i.e., with its vertex at the origin.

6. Multicover inequalities on pure balanced complexes

An important subclass of the balanced complexes are the pure balanced com-
plexes. Quite often pure complexes pose a larger challenge to combinatorial
analysis than their more generic counterparts. This is not so in our case,
though. The only additional inequalities that hold in the pure balanced case
are those dictating the monotonicity of the flag f -vector; that is, if S⊇T
then fS(Δ)≥fT (Δ). In analogy to Theorem 5.2, we have:

Theorem 6.1. Let I be the closure of the convex hull of the set {η(Δ) :
Δ is a (k−1)-dimensional pure balanced simplicial complex}. Then v∈ I if
and only if:

1. vS ≥0 for all S⊆ [k],
2. v∅=0,
3. (Monotonicity) vT ≤vS whenever T ⊆S, and
4. (Multicover) m(M)v∪M≤∑

M∈M vM for every multicollection M of sub-
sets of [k].

Proof. (⇒) That conditions (1), (2) hold is obvious; condition (4) holds
due to Corollary 5.1. We need only show condition (3).

Let Δ be a (k−1)-dimensional pure balance simplicial complex. Suppose
σ ∈ Δ and c(σ)=T . If T ⊆S, then there must exist some simplex τ ∈ Δ
with c(τ) = S and σ⊆τ . This follows because Δ is pure. For each σ ∈ Δ
with c(σ)=T , choose some such τ . Since each simplex of color signature
S contains exactly one simplex of color signature T , this assignment is an
injection. This shows that fT (Δ)≤fS(Δ). So ηT (Δ)≤ηS(Δ).
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(⇐) To show the reverse direction, we follow exactly the outline as in
the non-pure case. The only thing that needs change is our argument in
Lemma 5.3.

The fact that we wish to construct a pure complex allows us to give a
slightly simpler construction than in Lemma 5.3; we need only specify the
(k−1)-dimensional simplexes.

Let

Xω
[k] :=

{
x ∈ Nk :

∑
j∈T

xj ≤ ωvT for all T ⊆ [k]
}

,

Δω
i :=

⊔
x∈Xω

[k]

K(ix1 , ix2 , . . . , ixk).

Arguing as before, we have

lim
i→∞

ηS(Δω
i )

log2 i
= max

x∈Xω
[k]

∑
j∈S

xj,

and by construction

max
x∈Xω

[k]

∑
j∈S

xj ≤ ωvS for all ω ∈ Z+.

On the other hand, for a properly chosen ω,

max
x∈Xω

[k]

∑
j∈S

xj ≥ ωv[k],

by step 2 of Lemma 5.3. By the monotonicity hypothesis, v[k]≥vS for
each S⊆ [k]. So

max
x∈Xω

[k]

∑
j∈S

xj = ωvS for each S ⊆ [k].

Thus for the proper choice of ω we have the sequence Δω
2 ,Δω

3 , . . . satisfying

lim
i→∞

ηS(Δω
i )

log2 i
= ωvS for all S ⊆ [k].

The remainder of the argument is identical to the earlier case.



500 SHAWN AUSTIN WALKER

7. Multicover inequalities on graded posets

The proof of Theorem 6.1 shows somewhat more than is stated. The com-
plexes Δω

i constructed therein are in fact order complexes of graded posets:
any complete complex is the order complex of a graded poset, and the dis-
joint union of two order complexes of the same dimension is again an order
complex.

If we define η(P ) for a given graded poset P to be η(Δ) where Δ is the
order complex of P , then we may sum this observation up as follows:

Theorem 7.1. Suppose I⊆R2[k]

+ . The following are equivalent:

1. I is the closure of the convex hull of the set

{η(Δ) : Δ is a (k − 1)-dimensional pure balanced simplicial complex}.
2. I is the closure of the convex hull of the set

{η(P ) : P is a rank k + 1 graded poset}.
3. I is the set of points v which satisfy:

(a) vS ≥0 for all S⊆ [k],
(b) v∅=0,
(c) vT ≤vS whenever T ⊆S, and
(d) m(M)v∪M≤∑

M∈M vM for every multicollection M of subsets of [k].

8. Directions for further study

Problem 8.1. In addition to spanning a cone, one can show that the set of
flag η-vectors of (k−1)-dimensional balanced complexes form a monoid under
coordinate-wise addition. To see this, given (k − 1)-dimensional balanced
complexes Δ and Σ form the color-preserving product complex Δ⊕Σ as
follows. Let

V :=
{
(d, s) : d is a vertex of Δ, s is a vertex of Σ, and cΔ(d) = cΣ(e)

}
,

define δ⊕σ :={(d,s)∈V :d∈δ and s∈σ}, and finally let

Δ ⊕ Σ :=
{
δ ⊕ σ : cΔ(δ) = cΣ(σ), δ ∈ Δ, and σ ∈ Σ

}
.

One can easily show that ηS(Δ⊕Σ)=ηS(Δ)+ηS(Σ) for each S⊆ [k]. Can
we describe any interesting minimal generating sets? More generally, what
can we say about the algebraic structure of this monoid?

Problem 8.2. We mention that the cones H and I of flag η-vectors are
polyhedral, but the inequalities we define these cones with, namely the mul-
ticover inequalities, form an infinite set. What is a minimal set of inequalities
which define the cone? Equivalently, what are its facets?
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